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Abstract. We prove Harnack inequality and local regularity results 
for weak solutions of a quasilinear degenerate equation in divergence 
form under natural growth conditions. The degeneracy is given by a 
suitable power of a strong weight. Regularity results are achieved 
under minimal assumptions on the coefficients and, as an application, we 
prove C 1,a local estimates for solutions of a degenerate equation in non 
divergence form. 
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1. Introduction 

This paper contains a contribution towards a complete theory concern- 
ing regularity and smoothness for solutions of degenerate elliptic equations 
under minimal assumptions on the coefficients. Here we consider quasilin- 
ear elliptic equations whose ellipticity degenerates as a suitable power of 
a strong Aoo weight. The class of strong weights has been introduced 
by David and Semmes in [|2j| and it is useful in several problems related 
to geometric measure theory and quasiconformal mappings. Indeed, as it 
is well known, the Jacobian of a quasiconformal mapping is a strong 
weight. Weights of this kind enjoy some metric properties and important 
inequalities like Poincare and Sobolev's. Moreover any strong weight 
is a Muckenhoupt weight, and there exist A 2 weights which are not strong 
Aoo weights. The only Muckenhoupt weights whose degeneration gives 
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regularity for elliptic equations are those in the class A 2 (see e.g. O, lfT2l . 

urn urn a)- 

Let us consider quasilinear elliptic equations in divergence form 

(1) divA(x,u, V«) + B(x,u, V«) = 0, 

where A and B are measurable functions satisfying suitable structure con- 
ditions 

( \A(x,u,£)\ < aw(x)\^\ p - 1 + b(x)\u\ p - 1 + e(x) 

(2) I \B(x,u,0\ < b cu(x)\C\ p + 6i(x)|er x + d{x)\u\ p - 1 + f{x) 
\i ■ A(x, u, > u\£\*> - d(x) \u\> - g(x) . 

Here 1 < p < n, u = , v is a strong A^ weight and the coefficients of 
the lower order terms belong to suitable Stummel - Kato or Morrey classes. 
The function B is required to have natural growth in the variable £. 

Equation (Q]) with v = 1 has extensively been investigated. Here we quote 
some contributions - among others - by Trudinger and Lieberman. In [fT8l 
(see also 0T]) Trudinger considers the same equation with no degeneracy 
and coefficients in suitable L p classes. There, Harnack inequality and regu- 
larity properties of bounded weak solutions are proved. In lfT4l Lieberman 
considers equation 

(3) divA(x, u, Vit) + B(x, u, Vw) = fi 

assuming /i to be a given signed Radon measure satisfying a Morrey type 
condition. There, Harnack inequality and regularity for bounded weak so- 
lutions are proved under the structure conditions © with lower order terms 
in suitable Morrey classes. 

Our results are parallel to those in lfT8ll and lfT4ll . We follow the pattern 
drawn in |[T8i 

The novelty here is the special kind of degeneracy. We assume the coef- 
ficients in suitable Stummel-Kato and Morrey classes and - as a technique 
- use a Fefferman type inequality proved in Q to control the integrals aris- 
ing from the lower order terms. The inequality is based on a representation 
formula proved in [7] (see also (8]|). 

In Section 4, as an application of the previous results, we prove C 1,a 
estimates for a non variational elliptic equation related to equation (QQ)- 



2. Strong Aoo weights and function spaces 

Let v be an A^ weight in W 1 . This means that, for any e > there 
exists 5 > 0, such that if Q is a cube in R™ and E is a measurable subset 
of Q for which \E\ < S\Q\ holds, then v(E) < ev(Q), i.e. j E v(x) dx < 
e Jqv(x) dx. If v G Aoo and B XiV is the euclidean ball containing x and y 
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with diameter \x — y |, we can define a quasi distance 5 in IR n by setting 



5(x,y) = 




l/n 



We remark that 5(x, y) = \x — y\ when v (t) = 1. By using the function 
5(x, y) we may define the 5-length of a curve as the limsup of the 5-lengths 
of the approximating polygonals. 

On the other side we can actually define a distance related to the weight 
v. We take, as the distance between two points x and y, the infimum of the 
5-length of the curves connecting x and y. Namely we set, 

d v (x, y) = inf {5-length of the curves connecting x and y} . 

In general, the function 5 is not comparable to a distance. 

Definition 2.1. Ifv is an Aoo weight there exists a positive constant c such 
that S(x, y) < c d v (x, y), for any x, y G M n (see 0). If, in addition, 

(4) 6{x,y) ~d v (x,y) Wx,yeR n 

we say that v is a strong Aoo weight. 

The measure v dx is Ahlfors regular and, as a consequence, is a doubling 
measure (see e.g. |[T6lO . 

In this section we denote by B = B(x, R) and B e = B(x, R) respec- 
tively the metric and euclidean balls centered at x with radius R . 

Theorem 2.1. Let v be a strong Aoo weight. Then, there exist two positive 
constants a and A, depending only on n and the comparability constants in 
©, such that for any and any r > 0, we have 

ar n < v(B(x,r)) < Ar n . 

Moreover, there exists c > such that for any r > there exists R = R{r) 
such that 

B e (x, cR) C B(x, r) C B e (x, R) VxGl". 

It is possible to compare the A p classes of Muckenhoupt weights and 
strong A^. 

Remark 2.1. Any strong A^ weight is a A^ weight. For any 1 < p < oo 
there exists an A p weight which is not a strong A^ weight. 
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In [|2l David and Semmes show that Poincare and Sobolev inequalities 
hold true for strong weights. Unfortunately, they prove inequalities 
with different weights on both sides and, in order to run Moser iteration, 
we need Poincare and Sobolev inequalities with the same weight on both 
sides. However, in I1T31 Sobolev and Poincare inequalities are proved as 
a consequence of the results in [|2) and 0, and in |[9l it is shown how to 
pass from a Poincare inequality with two different weights to a Poincare 
inequality with the same weight on both sides. 

We quote only the results in the form we need. Our statement can be 
easily derived from the above cited papers. 

Theorem 2.2 (" |[T3lO . Let v be a strong weight and 1 < p < n. Let q be 
such that v G A q . The following Sobolev inequality and Poincare inequality 
hold true 
(5) 

' -j-\u(x)\ kp lo dx^j ^ < c diam(£) (4\Vu(x)\ p cu dx) \u G C?(B) 



(6) 



Mu - u B \ p co dx < c(di&mB) p -L\Vu\ p ujdx Wu G C°°(B) 
Jb Jb 



where u>(x) = v(x) 1 », and— f denotes the average with respect to the 

measure uj(x) dx, k = - ^ ^— and B denotes a metric ball. 

q(n — p) 

Using strong A^ weights we define Lebesgue and Sobolev classes. 

Definition 2.2. Let v be a strong A^ weight and to = v 1 ~p/ u , Q C R™. For 
any u G C£°(Q) we set 

(7) ll M llp,i' — I / \u(x)\ p u(x) dx 1 < p < oo . 



n 



We define L P (Q) to be the completion ofC^°(fl) with respect to the above 
norm. In a similar way we define Sobolev classes. Let 1 < p < n. For any 
u G we set 

(8) ||m||ij>,« = ( [ \u(x)\ p u(x) dx) + (j \\7u(x)\ p tu(x) dx^j . 



n 



We define H :P (p,) to be the completion ofC£°(Q) with respect to the above 
norm and H^ P (Q) to be the completion ofC°°(VL) with respect to the same 
norm. 
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Remark 2.2. In the above definitions we put v in the symbol of the norm 
and lo into the integrals. This is because we want to stress the dependence 
on the strong weight v. 

Remark 2.3. In general, i.e. ifu ^ A 2 , the classes H and W are different. 
Here we are going to study regularity of weak solutions taking H as a class 
of test functions (see IfTOl and IfTTII ). 

In order to formulate the assumptions on the lower order terms we need 
to define some other function spaces. 

Definition 2.3. Let f be a locally integrable function in Q C M n and let v 

be a strong Aoo weight. We set 
(9) 



0(/;^) = sup / k(x,y) \f(z)\k(z,y)v(z) » dz ) v(y) dy 

xenyjB(x,R) \Jb(x,r) 

where 

*(*,*> 



v{B(x,d v (x ) y))) 1 n 
We shall say that f belongs to the class S V (Q) if </>(/; R) is bounded in a 
neighborhood of the origin. Moreover, iflxm R) = then we say that 

R-i>0 

/ belongs to the Stummel-Kato class S V (Q). If there exists p > such that 
(10) / yu 1 ; dt < +oo , 



t 

then we say that the function f belongs to the class S V (Q). 

Definition 2.4 (Morrey spaces). Let p E [1, +oo[ and v be a strong A c 
weight. We say that f belongs to L£' A (f2), for some A > 0, if 



sup 

zen,o<r<d 



( A N 

- r , — -r [ \f(y)\ p v(yy-"dy 

\ ' B(x,r)nn J 



< +oo, 



where d = diam(fi). 



Remark 2.4. It is an easy task to check that the above definitions give back 
their classical counterparts when v = 1. 
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It is easy to compare the function classes previously defined. 

Proposition 2.1. Let p and e be numbers such that 1 < p < n and < e < 

p. The class Ll' p ~ e (il) is embedded in S' V (Q). Namely, ifVe L^ p ^ e {Vl) 
then 

(f)(V;r) < C\\V\\ L i, P - s r^ 
for any < r < diam Q. 

Proof. The proof is standard and can be easily adapted from the case to — 1 
(see 0). □ 

The following two lemmas will be useful in the iteration process. 

Lemma 2.1 ( fT5lO . Let p(r) a continuous positive increasing function de- 
fined in ]0, +oo[ such that lim /i(r) = 0, < 9 < 1. The series 

r— >-0 
+oo 

3=0 

is convergent if and only if there exists p > such that condition (flOl) z'^ 
satisfied. 

Lemma 2.2 ([15]). Let < 7 < 1, h : ]0, +oo[ — > ]0, +oo[ a non decreas- 
ing function with lim hit) = 0, such that 

hit) < Chit/2) (C > 1) 

and u> : ]0,+oo[ — > ]0,+oo[a non decreasing function. 
If 

u{p) < 7^(4p) + h(p) Vp < p < 1 
then there exist p < p , < a < 1 and a positive constant K such that 

u(p) < Kh a (p) Vp < p. 

The following result will be useful in the proof of the weak Harnack 
inequality. 

Theorem 2.3 ([5]). Let Q be a bounded domain in M. n and let V belong to 
the class S V (Q). Ifv is a strong weight and 1 < p < n, then there exists 
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a constant c such that for any u G C^°(0) we have 
(ID 

|\/(x)||M(x)| p wrfxJ <c<j) 1/p (V;2R)(j \ Vu(x)\ p oo dx) 

where u(x) = v 1 ^«(x) and R is the radius of a metric ball B = Br, 
containing the support of u. 

As a direct consequence we have 

Corollary 2.1. Let 1 < p < n and v be a strong Aqo weight. Let V belongs 
to the class S v (fl). Then, for any e > 0, there exists K(e) such that 

(12) / \V{x)\\u{x)\ p u{x)dx < e [ | Vu(x) \ p u{x) dx+ 



+ K{e) / \u{x)\ p u{x)dx\/u G C^(tt) 



where ui(x) = v(x) 1 «, K(e) ~ ^j— and <fi 1 denotes the 

[<j)- l {V-e)\ 

inverse function ofcj). 

3. HARNACK INEQUALITY 

In this section we shall prove a weak Harnack inequality for non negative 
weak solutions of the equation 

(13) divA(x,u, V«) +B(x,u, Vu) = 0. 

We recall what we mean by weak solution of (PT31) . 

Definition 3.1. A function u G H^' p (fl) is a local weak subsolution (super- 
solution) of equation (fl3l in Q if 
(14) 

/ A(x,u(x),Vu(x)) -Vipdx - / B(x,u(x), Wu(x))(pdx < (> 0) 
Jn Jq 

for every tp G Hq P (Q). A function u is a weak solution if it is both super 
and sub solution. 

We require the functions A(x, u, p) and B(x, u, p) to be measurable func- 
tions satisfying the following structure conditions 

{\A(x,u,£)\ < au}(x)\£\ p - 1 + &(a;)M^ 1 + e(a;) 
\B(x,u,C)\ < b u(x)\£\ p + hix)^- 1 + dix)^ 1 + f(x) 
i-A{x )U) i)>uj\i\ p -d{x)\u\ p ~g{x) 

where 1 < p < n, uj = v l ~n and v is a strong A^ weight. 
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We shall show that locally bounded weak solutions verify a Harnack in- 
equality and, as a consequence, some regularity properties. We shall make 
the following assumptions on the lower order terms to ensure the continuity 
of local weak solutions 



(16) a,b e 



oj J \ oj I 'a;' \u/ oj oj 



^From now on we denote by B r = B r (x) the euclidean ball centered at 
x with radius r. 



Theorem 3.1. Let ube a non negative weak supersolution of equation (|13l) 
in Q satisfying (PT5T) and (PT6l) . Let B r be a ball such that B 3r d Q and let 
M be a constant such that u < M in B^ r . Then there exists c depending on 
n, M, a , b , p and the weight v such that 

ui~ 1 (B2r) / uujdx < clmin^-u + h(r)} 



where h(r) 



1 ; 3r | + 6 ( — ; 3r 



OJ 



+ 



— ; 3r 

OJ 



i 

p-i 



Proof. We simplify the structure assumptions by setting w = u + h(r). We 
get 



(17) 



\A(x,u,£)\ < aoj{x)\S,\ p - 1 + b 2 {x)\w\ p ~ 1 
\B(x,u,£)\ < b oj(x)\£\ p + 6i(x)|e| p_1 + d 1 (x)M p ~ 1 
S-A(x,u,£)> oj(x)\^ - d x {x)\w\v 



where b 2 = b + h l ~ p e and d\ = d + /i 1_p / + h~ p g. Is is easy to check that 
62 and d\ verify the same assumptions of b and d. 

We take cp = r q p w l3 e~ b ° w , (3 < as test function in (fl4l) so we obtain 



f r] p e- bow (b o w + \p\w p - l )Vw ■ A- 

JB 3r 



p / w V e^VTj A+ r] p w p e- b0W B < . 

'B 3 r JBir 



The previous inequality and the structure assumptions ([T7T) yield 
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f e-^rfib^ + \(3\w?- l )(Vw ■ A + d^w^dx < 
p / w V _1 e" 6ow V?7 • Adx- i ri P wPe~ bQW Bdx+ 
I e- b " w ri P (b wP + \p\w fi - 1 )d 1 \w\ p dx < 

J B 3r 

p j W Pr) p - 1 e- bow Vr)-Adx+ 
j rfw^e- bow {b Q \Vw\ p u + ^Vuf" 1 + d 1 \w\ p - 1 )dx+ 

J B^r 

j e-Pbowyjp^y} + \(3\ w P-i)d 1 \w\ p dx . 

J B^r 

By Young inequality and boundedness of w in B 3r we obtain 



/ rfw^'^Vw^udx <cp w p ri P ~ l Vri ■ Adx+ 

J Bsr J &3r 

cf r t p w l3 (b 1 \Vw\ p - 1 + d 1 \w\ p - 1 )dx+ 

JB 3r 

cf rf{bow p + \p\w p ~ 1 )d 1 \w\ p dx< 

JB 3r 

c f {pwV^lV^KHVuf" 1 + b 2 \w\ p - 1 )+ 

rfw% x \Vw\ p ~ x + r ] p w l3+p - 1 d 1 + 
+ r ] p b w f3+p d 1 + IPlrfw^^d^dx < 

c f \pw^r] p - l \Vri\auj\Vw\ p - 1 +pw l3+p - 1 ri p - 1 \Vr ] \b 2 + 

JB 3r 1 

rfw% | VH P-1 + (1 + \P\)r] P w p+p ' 1 d 1 + r ] p b w l3+p d 1 }dx . 
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Then, 



101 



/ rfw^~ x \Vw\ p ujdx < 

jB 3r 

<c{b ,M,p) [ \w f3 r] p - 1 \Vr)\a\Vw\ p - 1 u;dx+ 

JB 3r 1 

If 

+ erfw f} - 1 \Vw\ p u + c(e)rf ^-w p+p ~ l + 
+ rT 1 \Vri\w P **~% + (1 + |/3|)^ ,3+p " 1 rfi}rfx < 
<c(b ,M,a,p) [ \w l3 r] p ~ 1 \Vr]\\Vw\ p - 1 udx+ 

Jb 3 t L 

IF 

+ erfw^Vw^u + c{e)7 1 p —^- [ w f3+p - l + 



ujp- 1 



+ (l + \(3\)i] p wP +p - 1 d 1 \dx. 



v 

We set V = -^i— + — p^r + in order to get short the previous inequality. 
We obtain 

(18) f rfw^Vw^udx < 

JB 3r 

<c(l + |/9| _1 ) p / {|V?7| p ^ +p - 1 a; + y^ +p - 1 )da;. 

./-Bar- 1 J 

Now the proof follows the lines of Theorem 4.3 in 0. We set 



U(x) 



w q (x) where pq = p + f3 — 1 if /3 1 — p 

\ogw(x) if /3 = 1 — p 
by (fT8l) we have 



(19) / rj p \VU\ p u(x) dx < c\q\ p (l + \/3\- 1 ) p \ / \Vt]\ p U p uj(x) dx+ 



VrfW dx \ , ^ 1 - p 
while 

(20) / rf\VU\ p u{x) dx < c\ [ \Vrj\ p u{x) dx + [ Vrf dx 

JB 3 r U% JB 3 r 
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if j3 = I— p. Let us start with the case j3 = 1 — p. By Theorem (23] we have 



Vrf dx < ccf) ( — ; diamfi ) / \Vrj\ p uj{x) dx 



'B 3r 

and from (1201) 



B 3 r 



/ r? p | VW| p w(x) dx<c [ \Vri\ p u(x) dx . 

JB :ir JB 3r 

Let 5^ be a ball contained in B 2r - Choosing r](x) so that 77(2;) = 1 in Bh, 

3 

< i] < 1 in B 3r \ B h and | Vr?| < —, we get 

||VW||£5 (JJh ) < c — - — . 

By Poincare inequality © and John-Nirenberg lemma (see (TJ) we have 
= logw(x) e BMO v . Then there exist two positive constants p and 
c, such that 



(21) 



e poU u(x) dx 



e- poU oo(x)dx) < 



)B2r / \JB2r 

Let us consider the following family of seminorms 



By (l2l1) we have 

1 



i/p 

w;| p u;(a;) da; ) , p 7^ 



In the case (1T91) by Corollary 12. II we obtain 



$(p , 2r) < cw(£2r) 1/p °S(-Po, 2r) . 



(22) 



VU\ p rfu(x) dx<c \(\q\ p + l/l + 7^7] [ \Vt]\ p U p uj{x) dx+ 

n+p 



+ 



1 



rf U p u{x) dx } . 



B 3r 
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By Sobolev inequality we have 



(23) 



s 3 , 



\rM\ kp u{x) dxj " < cu(B)l- x [{\q\* + 2) (\ + i 
\Vrj\ p U p uj(x) dx+ 



Bar 



+ 



- n+p 



7] p U p uj{x) dx 



B 3r 



where c is a positive constant independent of u. 

Now we choose the function rj. Let r 1 and r 2 be real numbers such that 
r < r\ < r 2 < 2r and let the function i] be chosen so that r)(x) = 1 in B ri , 
< r](x) < 1 in B r2 , r)(x) = outside B r2 , \Vrj\ < f for some fixed 
constant c. We have 

\ s 

I U kp Uj{x)dx) <CUj{B)^- ^ (| g |P + 2 ). 

JB ri J ( r 2 - ri)f 



1 ^ p 
1 + 7^7 



U p cu(x) dx . 



Setting r ) = pq=p + r 3 — 1 and recalling that = w q (x), we get 



(24) $(fc 7 , n) > c^(fi)^ ( ^ 1) (|g| p + 2 



-^(7^2), 



for negative 7. This is the inequality we are going to iterate. If 7, = k l p 

and ^ = r + ^, i — 1, 2, . . . iteration of (1241) and use of Lemma [2TI yield 

1 

$(— 00, r) > c(p, a, 0v,diamfi)o;(i3 T .)j , o$(— p ,2r) . 
Therefore by Holder inequality, 

$(p' 0) 2r) < $(p , 2r)u;(£ r )^~^ , p' < Po • 

So we obtain 

u- l {B 2r )$(l,2r) < c$(-oo,r) 
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The next result is a weak Harnack inequality for weak subsolutions. The 
proof is essentially the same of the proof of the previous one. 



Theorem 3.2. Let ube a non negative weak sub solution of equation (fT3l) in 
fl satisfying (fl"5l) and (PT6l) . Let B r be a ball such that B 3r d fl and let M 
be a constant such that u < M in B 3r . 



maxtt<c<u l {B2r) / 



uujdx + h(r) 



where h(r) 



V 



uj 



3r 



3r 



+ 



./ 



uj 



3r 



p-i 



If we take a non negative weak solution, we can put together the two 
previous results. 



Theorem 3.3. Let ube a non negative weak solution of equation (|T3I) in Vt 
satisfying (fl"5l) and (fT6l) . Let B r be a ball such that B 3r <e Q and let M be 
a constant such that u < M in B 3r . Then there exists c depending on n, M, 
a , b , p and the weight v such that 



rnaxu < c < minw + h(r) 



where h{r) 



1 ; 3r ) + 6 ( — : 3r 



+ 



— ; 3r 

UJ 



i 

p-i 



Now, as a simple consequence of Harnack inequality, we get some regu- 
larity results for weak solutions of (fl"3l) . The proof is an immediate conse- 
quence of Harnack inequality so we omit it. 

Theorem 3.4. Let ube a weak solution of equation (fl"3l) in Q satisfying (fl"5l) 
and (fT6l) . Let B r be a ball such that B 3r <s Q and let M be a constant such 
that u < M in B 3r . Then u is continuous in fl. 

If we assume more restrictive assumptions on the lower order terms we 
obtain the following refinement of the previous one. 



Theorem 3.5. Let ube a weak solution of equation (1131) in fl satisfying ([15 
and 

fhY d f e\^ f g 



a,b e 



UJ 



UJ 



5 5 

UJ \UJ 



5 5 

UJ UJ 



eiMn), s>o. 
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Let B r be a ball such that B 3r d Q and let M be a constant such that 
u < M in B ir . Then u is locally Holder continuous in Q. 

4. Application to non variational degenerate equations 

As an application of the results in the previous section, we prove conti- 
nuity and Holder continuity estimates for the gradient of solutions of some 
quasilinear non variational elliptic equations. The equations we are going 
to consider are degenerate elliptic with respect to a power of a strong 
weight. 

Let Vt be a bounded domain in W 1 (n > 3) and v a strong weight in 
W 1 . We consider the equation 

(25) Qu = a JJ (x, it, Vu)u XiXj .+ b(x, u, V«) = , in Q . 

We assume the functions a Jjf (x, u,p), b(x, u,p) to be differentiable in x 
RxM 11 and the following degenerate ellipticity condition 

(26) 3A > : X^ooix) |£| 2 < a ; '(.r. u. ,,) U, < Ma;) 
for a.e. xinQ,\/u eR,p e W 1 and G R n where u = v 1 '™. 

Definition 4.1. Let u be a H^f oc (Q) function. We say that u is a H^f oc (Q) 
solution if there exists a ball B in Vt such that u satisfies (1251) almost every- 
where in B. 

Now we prove the following 

Theorem 4.1. Let Q be a bounded domain in M. n and let u be a H^f oc (Q) 
solution of equation (1251) satisfying (1261) . We set 

f(x) = sup{|a^(x, u, Vw)|, \a%(x,u,Vu)\, \b(x,u,Vu)\} 
( fY 

and assume that I — I G S' V (Q) and for any ball B r in Q there exist posi- 

\a l J(x,u(x),Vu(x))\ 
tive constants M and K such that Vw < M and — < 

u)[x) 

K in B r . 

Then there exists < a < 1 depending on X, n, M, K and the weight v 
such that for any < p < r 

oscu x , < c 
where is the function in the Definition ^. 3\ 




I = 1,2,..., n 
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Proof. For k = 1, 2, n we have 

(27) / (a lj {x, u, Vu)u XiXj + b(x, u, Vu))ip Xk = E H^(B r ) . 

J B r 

There is no loss of generality in assuming u E C 3 (fi). This assumption can 
be removed later via a density argument. Since 

(28) / a lJ (x,u, Vu)u XiXj ip Xk dx = / {-a% k u XiXj cp - a%u Xk u XiXj (p 

- <>';:; >i..-,.r, - a ij u XiXjXk <p)dx 

and 

(29) - / r/'' , r -r/.r = / (a v u x . Xk <p x . + a%.u XjXh ip 

J Bf J Bj- 

+ a%u Xi u XjXk ip + a l ^ m u XmXi u XjXk ip)dx 

then (1271) reads 
(30) 

{a v u XhXj p Xi + (a^u XmXi u XjXk + a 3 u XkXj + ^ '/,,.,, ) r " + bip Xk }dx = 



' B r 

where 



a) = a^(x, u, Vu)u Xi + a l J.(x, u, Vu) 

b k = ~ a u ( x , M > Vu)u Xk - a'J k (x, u, Vu) . 
We choose cp = u Xk i](x) as test function in (1301) . where r q > 0, 7] E 
Cl(B r ) so we get 

f 1 1 

(31) J b W J u XkXi u XkXj r) + ~a lJ v Xj r) Xi + -a^u XmXi v x .r] 

+ \^o?v X] r] + b^u XiXj u Xk T] + bAur] + bu Xk r] Xk }dx = 

where we set v = | Vu| 2 . 

Let 7 > and set w = = ^u Xt + v, I = 1, n. ^From (T3TI) and (1301) 
we obtain 

{a %j u x . Xk u XkX .T] + + bu x . + -76^)77^}^ = 

f 1 1 • 1 

- / .-•.'< V + 7^™^ + (n7*i + b k u x k + b5l)u XiXj }r]dx 

J B r 
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and then 



2 u\ 2 - a'; 1 ,,!! iv,. - a?w Xj - 



+ \- 1 uj(x)\Vw\ 2 1 2A/2 



(32) / (a ij w Xj +2bu Xi + 1 b5l)r 1xi dx < 

< [ {-2\- 1 u{x)\D 

J B r 

- + 26j-«x fc + 2b5j)u XiXj }r)dx < 

< I {-2X-^)\D 2 u\ 2 + (Y,(aliw Xj )^\D 2 u\ + 

jB r m,i 

+ \Vw\f{x) + \D 2 u\f(x)}r]dx < 
< [ {-2\- l u{x)\D 2 u\ 2 + \' 1 u{x)\D 2 u\ 2 + ^Y.^>^ 2+ 

m,i 

, + X^uixMD^lridx < 
cu(x) J 

<c(K,X) [ \u(x)\Vw\ 2 + ^-rlrjdx . 

JB r UJ(X) ) 

The previous inequality shows that w(x) = w^(x) is a local weak sub- 
solution of the equation 

(33) - (d ijWxi ) ~ c(K, X)u\Vw\ 2 = j - - (F^x))^ 

J ui 

where dij(x) = a lj (x, u(x), Vu(x)) and 

Fi(x) = —2b(x,u(x),Vu(x))u Xi (x) — "fb(x, u(x), Vu(x))5\ . 

We note that |F< | < c(M)f, i = l,2,...,n. This implies (— ^ e 
S' v {B r ) and 



to 



m 


< 


(ff 














S' v (Br) 




S' v (Br 



Now fix < p < min{l, |r} and choose 1 < h < n such that 



osc u X/i > osc u Xi VZ = 1,2, ...,n . 

S3 P B 3p 
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Now we fix 7 a sufficiently large positive number. It turns out that a 
convenient choice is 7 = lOnM. Then we have 



oscw^ < osc(10nMu Xh ) + osc |Vm| 2 < 

B 3p B 3p B 3p 



< lOnM oscu x , + osc( > ul ) < 

B 3p h B 3p ^ 1 



< lOnM oscu Xh + 2M osc(S_^u Xi ) < YlnM osc u Xh 

B 3p B 3p ^—f % B 3p 



and 



oscw^" > lOnMosc-u^. — osc( > ul ) > 8nM oscu x , . 

B 3p h ~ B 3p Xh B 3p V ^ x *> - B 3p Xh 

1=1 

Putting together the previous inequalities we obtain 

(34) 8nM oscu Xh < oscw£ < YlnM osc u Xh . 

B 3p B 3p B 3p 

The same argument applies to the function w h = —^u Xh + v. Arguing in 
the same way we get 



(35) 



8nMoscu x , <oscw h <12nMoscu x , 

B 3p B 3p 11 B 3p 



The functions sup Bjjp — w£ and sup Bsp — are supersolutions 
of (1331) which is non linear because of the quadratic term in the gradient. 
However, we may apply the results in the previous section taking p = 2. 
Then, from Theorem l3.1l we get 



(36) co-\B 2p ) [ (sup 

JB 2 p B 3p 



w h ~~ w£)cudx < c(supu>^ — supw^ + h(p)) 



B, 



3p 



and 



(37) uj 1 (B 2p ) / (supw h — w h )udx < c(sup w h — supw h + h(p)) 

J B2 P B 3p B 3p Bp 



where h(p) 



1/2 
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As a conseguence of (1341) we have 
(38) sup — w£ + sup — = sup + sup — 2v > 



B, 



3p 



B, 



3p 



B 3p 



> sup + sup w h — 2 sup v > 

Bzp Bzp Bzp 



> sup(10nMu Xh ) - M(10nMu Xh ) + 2inf v -2supv> 



b 3p 



Bz. 



Bzp 



Bzp 



> 10nMoscM Xh — 4nM osc u Xh > -oscw^ Vx G B 3p 



Bz P Bz p 

and in the same way we see that 



1 

2 B~zp 



(39) 



sup 

Bz P 



w+ + suyw h - w h > \oscw h Wx e B 3p 

Bzp ^ B *p 



By (1381) and (1391 , the following inequalities 



7 osc B Sp wt>uj \B 2p ) / B (sup Bsp wl - w+)u{x) dx 



osc Bz P w h >uj \B 2p ) / (sup B w h - w ft )u(x) dx 



^ -"3p ~tl ' ~ \-'l>J JB 2p \ r*j 3p 

cannot be both true at the same time. Let us suppose that 

tOsc< < uj- 1 (B 2p ) I (supw+ - wl)u{x)dx. 

4 B ^ JB. 2 p Bz P 

By (1361) we are able to give an estimate for the oscillation of w£, i.e. 

osc < c(sup w£ — sup + h(p)) < 

B *p Bz p Bp 



from which 



< c(osc w+ - osc wl + h{p)) 

Bzp Bp 



osc < (1 — 1/c) osc w£ + h(p) 



B, 



Bzp 



Now we can apply Lemma 1X21 There exist postive constants a < 1, p and 
k such that 

osc w£ < kh u (p) Vp < p. 

Bp 

Then we get 



osc u Xl < ckh a (p) Vp < p Wl = 1, ...n 



and the proof is complete. 



□ 



Refining our assumptions - as a consequence of Proposition 12.11 - we get 
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2.2 



Theorem 4.2. Let Vt be a bounded domain in W 1 and u be a H v \ oc {Vt) 
solution of equation (1251) satisfying (|26l) . We set 

f(x) = sup{|< J (x,M, Vm)|, \a l £{x,u,Vu)\, \b(x,u,Vu)\} . 
Assume that e ^tT P ~ e (^)> f or < e < p, and for any ball B r 



in Q there exist positive constants M and K such that |Vw| < M and 
< K in B r . 



\a^(x, u(x), Vu(x))\ 



tu{x) 

Then there exists < a < 1 depending on X, n, M, K and the weight v 
such that for any < p < r 

oscu Xl <cp a , I = 1,2,.. .,71. 
Bp 

References 

[1] S. M. Buckley, Inequalities of John-Nirenberg type in doubling spaces, J. Anal. 

Math. 79,215-240(1999). 
[2] G. David - S. Semmes, Strong weights, Sobolev inequalities and quasiconformal 

mappings, Analysis and Partial Differential Equations, Lecture notes in Pure and 

Applied Mathematics 122, Marcel Dekker, (1990). 
[3] G. Di Fazio, Holder continuity of solutions for some Schrodinger equations, Rend. 

Sem. Mat. Univ. Padova, 79, 173-183,(1988). 
[4] G. Di Fazio - M.S.Fanciullo - P. Zamboni, Harnack inequality and smoothness for 

quasilinear degenerate elliptic equations, Journal of Differential Equations, 245, n. 

10, 2939-2957 (2008). 

[5] G. Di Fazio - P. Zamboni, Regularity for quasilinear degenerate elliptic equations, 

Math. Z., 253, 787-803 (2006). 
[6] E. Fabes - C. Kenig - R. Serapioni, The local regularity of solutions of degenerate 

elliptic equations, Comm. PDE, 7(1), 77-1 16 (1982). 
[7] B. Franchi - C. Gutierrez - R. Wheeden, Weighted Sobolev-Poincare inequalities for 

Grushin type operators, Comm. PDE, 19, 523-604 (1994). 
[8] B. Franchi, C.Gutierrez, R.Wheeden, Two-weight Sobolev-Poincare inequalities and 

Harnack inequality for a class of degenerate elliptic operators, Atti Accad. Naz. 

Lincei CI. Sci. Fis. Mat. Natur. Rend. Lincei, (9) Mat. Appl. 5, no. 2, 167-175 (1994). 
[9] B. Franchi - P. Hajlasz, How to get rid of one of the weights in a two-weight Poincare 

inequality?, Annales Polonici Mathematici, LXXIV, 97-103 (2000). 
[10] B. Franchi - R. Serapioni - F. Serra Cassano, Approximation and imbedding theo- 
rems for weighted Sobolev spaces associated with Lipschitz continuous vector fields, 

BUMI (7) 11-B, 83-117 (1997). 



20 



G. DI FAZIO, M. S. FANCIULLO, AND P. ZAMBONI 



[11] D. Gilbarg - N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 

Springer- Verlag, Berlin (1983). 
[12] C. E. Gutierrez, Harnack's inequality for degenerate Schrddinger operators, TAMS 

312, 403-419(1989). 

[13] J. Heinonen - P. Koskela, Weighted Sobolev and Poincare inequalities and quasireg- 
ular mappings of polynomial type, Math.Scand. 77, 251-271(1995). 

[14] G.M. Lieberman, Sharp form of estimates for subsolutions and supersolutions 
of quasilinear elliptic equations involving measures, Comm. PDE 18, 1191-1212 
(1993). 

[15] M. A. Ragusa - P. Zamboni, Local regularity of solutions to quasilinear elliptic equa- 
tions with general structure, Commun. Appl. Anal. ,3, no. 1, 131-147 (1999). 

[16] S. Semmes, Metric spaces and mappings seen at many scales, M.Gromov - Metric 
structures for Riemannian and non - Riemannian spaces, Progress in Mathematics 
152, Birkhaiiser, Boston, MA (1999). 

[17] F. Serra Cassano, On the local boundedness of certain solutions for a class of degen- 
erate elliptic equations, BUMI (7), 10-B, 651-680(1996). 

[18] N. S. Trudinger, On Harnack type inequalities and their application to quasilinear 
elliptic equations, CPAM XX, 721-747 (1967). 

[19] C. Vitanza - P. Zamboni, Necessary and sufficient conditions for holder continuity 
of solutions of degenerate schrddinger operators, Le Matematiche 52, n.2, 393-409 
(1997). 

[20] P. Zamboni, Holder continuity for solutions of linear degenerate elliptic equations 
under minimal assumptions, Journal of Differential Equations, 182, n.l, 121-140 
(2002). 

DlPARTIMENTO DI MATEMATICA E INFORMATICA, UNIVERSITA DI CATANIA, VlA- 

le A. Doria 6, 95125, Catania, Italy 

E-mail address: dif azio@dmi . unict . it 

DlPARTIMENTO DI MATEMATICA E INFORMATICA, UNIVERSITA DI CATANIA, VlA- 

le A. Doria 6, 95125, Catania, Italy 

E-mail address: f anciullo@dmi . unict . it 

DlPARTIMENTO DI MATEMATICA E INFORMATICA, UNIVERSITA DI CATANIA, VlA- 

le A. Doria 6, 95125, Catania, Italy 

E-mail address: zambonigdmi . unict . it 



